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FUSION PRODUCT STRUCTURE OF DEMAZURE MODULES
R. VENKATESH
Abstract. Let g be a finite–dimensional complex simple Lie algebra. Given a non–negative
integer ℓ, we define P+ℓ to be the set of dominant weights λ of g such that ℓΛ0+λ is a dominant
weight for the corresponding untwisted affine Kac–Moody algebra ĝ. For the current algebra
g[t] associated to g, we show that the fusion product of an irreducible g–module V (λ) such
that λ ∈ P+ℓ and a finite number of special family of g–stable Demazure modules of level ℓ
(considered in [15] and [16]) again turns out to be a Demazure module. This fact is closely
related with several important conjectures. We use this result to construct the g[t]–module
structure of the irreducible ĝ–module V (ℓΛ0 + λ) as a semi–infinite fusion product of finite
dimensional g[t]–modules as conjectured in [16]. As a second application we give further
evidence to the conjecture on the generalization of Schur positivity (see [7]).
Introduction
The current algebra associated to a simple Lie algebra g is the special maximal parabolic
subalgebra of the untwisted affine Lie algebra ĝ associated to g. As a vector space it is isomor-
phic to g⊗ C[t], where C[t] is the polynomial ring in the indeterminate t and the Lie bracket
is given in the obvious way. Equivalently, it is just the Lie algebra of polynomial maps C→ g.
The study of the category of finite dimensional graded representations of the current algebra
has been the subject of many articles in the recent years. See for example [1], [2], [5], [11],
[15], [16], [22], [23]. One of the original motivations for the study of this category was that it is
closely related to the representation theory of the corresponding quantum affine algebra. The
results of [4] and [8] showed that many interesting families of irreducible representations of the
quantum affine algebra associated to g, when specialized to q = 1 give indecomposable repre-
sentations of the current algebra. For example, these families include the Kirillov–Reshetikhin
modules.
There is an important class of finite dimensional graded g[t]–modules, called Demazure
modules. Let b be a Borel subalgebra of g and b̂ be the corresponding Borel subalgebra
of ĝ. By definition, a Demazure Module is a b̂–submodule of an irreducible highest weight
representation of ĝ generated by an extremal weight vector. We shall only be concerned with
g–stable Demazure modules in this article. These modules naturally become finite dimensional
graded modules for the associated current algebra g[t] by restriction. The Demazure module of
level ℓ and weight λ ∈ P+ for g[t] is denoted by D(ℓ, λ), where P+ denotes the set of dominant
weight of g. The defining relations of these g[t]–modules are greatly simplified in [10] using
the results of [21] (see also [16], and [22]). We use this simplified presentation to study fusion
product structure of D(ℓ, λ) for some special weights λ ∈ P+. We assume that g is simply
laced for simplicity and state our main result here. We refer the reader to Theorem 2 for a
more general statement. The primary goal of this paper is the following:
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Theorem. Let ℓ,m ∈ N and z, z1, . . . , zm ∈ C be given distinct complex numbers. Let µ ∈ P
+,
λ ∈ P+ℓ and suppose that there exists µj ∈ P
+, 1 ≤ j ≤ m such that µ = µ1+ · · ·+µm. Then
we have an isomorphism of g[t]–modules,
D(ℓ, ℓµ+ λ) ∼= Dz1(ℓ, ℓµ1) ∗ · · · ∗D
zm(ℓ, ℓµm) ∗ evz V (λ)
This generalizes a theorem of Fourier and Littelmann (see [16, Theorem C]) where they only
consider the case λ = 0. Note in particular that the fusion product of an irreducible module
and a finite number of Demazure modules of the form D(ℓ, ℓµ), for sufficiently large ℓ, is
independent of the choice of the parameters that used in the fusion product construction. Since
the Kirillov–Reshetikhin modules are Demazure modules (see [8], [16]), the new interpretations
of our main theorem has many interesting applications related to several important conjectures.
We give two important applications in this article. Let V (ℓΛ0 + λ) be the irreducible highest
weight module of highest weight ℓΛ0+λ for the untwisted affine Kac–Moody ĝ, where Λ0 is the
fundamental weight of ĝ corresponding to the extra node of the extended Dykin diagram of g.
As a first application we construct the g[t]–module structure of V (ℓΛ0 + λ) as a semi–infinite
fusion product of finite dimensional g[t]–modules as conjectured in [16]. More preciously, we
prove the following:
Theorem. Let Λ = ℓΛ0 + λ be a dominant integral weight for ĝ, then
V (Λ) and lim
N→∞
D(ℓ, ℓΘ) ∗ · · · ∗D(ℓ, ℓΘ) ∗ V (λ)
are isomorphic as g[t]–modules.
The special case of this theorem (when Λ is a multiple of Λ0) was proved in [Theorem 9,
[16]]. The semi–infinite fusion construction was already established in [13] for g = sl2 and in
[19] for g = sln. As a further application we prove some results on the generalization of Schur
positivity, that gives some additional evidence to the conjecture that appeared in [7]. We now
recall the conjecture on generalization of Schur positivity. The following was conjectured in
[7, Section 2.3] by Chari, Fourier and Sagaki:
Conjecture. Let g be a simple Lie algebra, and λ1, λ2, µ1, µ2 ∈ P
+ such that
(i) λ1 + λ2 = µ1 + µ2,
(ii) min{λ1(hα), λ2(hα)} ≤ min{µ1(hα), µ2(hα)}, for all α ∈ R
+,
then there exists a surjective g–module map V (µ1)⊗ V (µ2)→ V (λ1)⊗ V (λ2)→ 0.
We give positive answer to this conjecture in certain important cases. Indeed we prove
stronger statements in this article, we prove that the fusion product of two irreducible g–
modules in certain cases turns out be Demazure modules and use this fact to get elegant
presentation for V (λ1) ∗ V (λ2) for some special choices of λ1, λ2. We use this elegant presen-
tation to prove that there exists surjective g[t]–module maps between the appropriate fusion
products (see Theorem 5).
The paper is organized as follows. Section 1 has the basic notation and elementary results
needed for the rest of the paper. In section 2, we give the definition of Weyl and Demazure
modules and recall their presentations. In section 3, we prove that the fusion product of
an irreducible module and the Demazure modules of the same level again turns out to be a
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Demazure module. The key steps of the proof are to show that there is a surjective map
between appropriate modules and its dimension matches. The existence of the surjective map
proved using the presentation of the Demazure module that was established in [10]. In section
4 we calculate the dimension of the Demazure modules using Demazure operators and give
the limit construction of V (ℓΛ0 + λ). In section 5 we give further evidence to the conjecture
on the generalization of the Schur positivity.
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manuscript that helped to improve the readability of this manuscript.
1. Preliminaries
Our base field will be the complex numbers C throughout. We let Z (resp. Z+, N) be the
set of integers (resp. non–negative, positive integers) and C[t] be the polynomial ring in a
variable t.
1.1. We will broadly follow the notations of [10]. Let g be an arbitrary finite dimensional
simple Lie algebra with Cartan subalgebra h and Borel subalgebra b.We assume that the rank
of g is n, i.e., dim h = n. Denote I = {1, . . . , n}. Let R be the set of roots, R+ the set of
positive roots and {αi : i ∈ I} the set of simple roots of g with respect to h. Let P,Q,P
+, Q+
be the weight lattice, the root lattice, the sets of dominant weights and non-negative integer
linear combinations of simple roots respectively. The Weyl group W of g is generated by the
simple reflections si = sαi associated to the simple roots. Let w0 be the longest element of W .
Let ( , ) be the non–degenerate, normalized W–invariant symmetric bilinear form on h∗ such
that the square length of a long root is two. For α ∈ R, hα ∈ h denotes the corresponding
co–root and set dα = 2/(α,α). Let {ωi : i ∈ I} ⊂ h
∗ be the set of fundamental weights,
i.e., (ωi, djαj) = δi,j, where δi,j is the Kronecker delta symbol. Let gα be the root space of
g corresponding to the root α ∈ R and set n± =
⊕
α∈R+ g±α and g±α = Cx
±
α . Denote by
Θ ∈ R+ be the highest root in R and recall that [x±Θ, n
±] = 0. For i ∈ I, we simply write x±i ,
hi, di for x
±
αi
, hαi , dαi .
1.2. For a given Lie algebra a, we letU(a) be its universal enveloping algebra. The current
Lie algebra of g is denoted by g[t]. As a vector space it is just g ⊗ C[t] and the Lie bracket is
defined in the natural way: [a⊗ f, b⊗ g] = [a, b] ⊗ fg, for all a, b ∈ g and f, g ∈ C[t]. Denote
by g[t]+ the ideal g ⊗ tC[t] and we freely identify g with the Lie subalgebra g ⊗ 1 of g[t]. We
clearly have the isomorphism of vector spaces
g[t] = g[t]+
⊕
g, U(g[t]) ∼= U(g[t]+)⊗U(g).
The degree grading on C[t] defines a natural Z+–grading on g[t] and hence also on U(g[t]): an
element of the form (a1 ⊗ t
r1) · · · (as ⊗ t
rs) has grade r1 + · · · + rs. Denote by U(g[t])[r] the
subspace of grade r.
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1.3. A representation V of g[t] is graded if it admits a Z–graded vector space decomposition
which admits a compatible Lie algebra action of g[t], i.e.,
V =
⊕
r∈Z
V [r], (g⊗ ts)V [r] ⊂ V [r + s], r ∈ Z, s ∈ Z+.
A morphism between two graded g[t]–modules, by definition, is a degree zero morphism of
g[t]–modules. Let M be an g–module and z ∈ C. Define a new g[t]–module structure on
M with respect to z by: (a ⊗ tr)m = zram, and denote this module as evzM . It is easy
to see that evzM is an irreducible g[t]–module if and only if M is an irreducible g–module.
Moreover the module ev0M is a graded g[t]–module and (ev0M) [0] = M and in particular,
g[t]+(ev0M) = 0.
1.4. Given µ ∈ P+, we let V (µ) be the irreducible finite–dimensional g–module generated
by an element vµ with defining relations
x+i vµ = 0, hivµ = µ(hi)vµ, (x
−
i )
µ(hi)+1vµ = 0, i ∈ I.
It is well–known that any finite–dimensional g–module V is isomorphic to a direct sum of
irreducible modules V (µ), µ ∈ P+. Further, we have a weight space decomposition with
respect to h,
V =
⊕
ν∈P
Vν , Vν = {v ∈ V : hv = ν(h)v, h ∈ h},
and we set wtV = {ν ∈ P : Vν 6= 0}.
1.5. Affine Lie algebra. Let ĝ be the untwisted affine Kac–Moody algebra corresponding
to the extended Dynkin diagram of g.
ĝ = g⊗C C[t, t
−1]⊕ CK ⊕ Cd
Here K is the canonical central element and d denotes the derivation d = t d
dt
. Naturally we
consider the Lie algebra g as a subalgebra of ĝ. In the same way, h and b are subalgebras of
the Cartan subalgebra ĥ respectively the Borel subalgebra b̂ of ĝ:
ĥ = h⊕ CK ⊕ Cd, b̂ = b⊕ CK ⊕ Cd⊕ g⊗C tC[t]
Let δ be the positive non–divisible imaginary root of ĝ with respect to b̂ and P̂+ be the set
of dominant weights of ĝ. Denote Ŵ (resp. W˜ ) the (resp. extended) affine Weyl group of
ĝ. Then we have W˜ = Σ×Ŵ , where Σ is the group of Dynkin diagram automorphisms. We
let Λ0 be the fundamental weight corresponding to the extra node in the extended Dynkin
diagram of g. We denote V (Λ) by the irreducible ĝ–highest weight module of highest weight
Λ ∈ P̂+. For an element µ ∈
⊕n
i=1 Zdiωi, denote by tµ ∈ W˜ be the corresponding translation.
In particular, we have
tµ(bΛ0 + λ) = bΛ0 + λ+ bµ (mod Cδ)
for λ ∈ P+ and b ∈ C.
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1.6. We conclude this section with the following simple lemma which will be needed later
(see [10, Section 1.3]),
Lemma. Suppose that λ ∈ P+ is such that λ =
∑
i∈I disiωi for some si ∈ Z+. Then for
α ∈ R+, there exists sα ∈ Z+ such that λ(hα) = dαsα.
2. Weyl and Demazure Modules
In this section, we recall the definition of local Weyl modules and Demazure modules and
state the required results for g–stable Demazure modules.
2.1. Weyl Modules. The definition of the local Weyl modules was given originally in
[9] and later in [6] and [14]. Given λ ∈ P+, the local Weyl module Wloc(λ), is the cyclic
g[t]–module generated by an element wλ with the following defining relations: for i ∈ I and
s ∈ Z+,
(x+i ⊗ C[t])wλ = 0, (hi ⊗ t
s)wλ = λ(hi)δs,0wλ, (2.1)
(x−i ⊗ 1)
λ(hi)+1wλ = 0. (2.2)
It is easy to see that wtWloc(λ) ⊂ λ − Q
+ and that dimWloc(λ)λ = 1, hence Wloc(λ) is
an indecomposable module. Note that Wloc(0) is isomorphic to the trivial g[t]–module. It
was proved in [9] (see also [6]) that the local Weyl modules are finite–dimensional and so, in
particular, we have
(x−α ⊗ 1)
λ(hα)+1wλ = 0, α ∈ R
+. (2.3)
We declare the grade of wλ to be zero, so that the local Weyl module is graded by Z+. It follows
that Wloc(λ)[0] ∼=g V (λ), and moreover, ev0 V (λ) is the unique graded irreducible quotient of
Wloc(λ).
2.2. Demazure Modules. Let us begin with the traditional definition of Demazure mod-
ules. For Λ ∈ P̂+ and w ∈ Ŵ , the U(b̂)–submodule Vw(Λ) = U(b̂)V (Λ)wΛ is the Demazure
submodule of V (Λ) associated to w. More generally, one can associate a Demazure module
with any element of W˜ as follows: For Λ ∈ P̂+, σ ∈ Σ and w ∈ Ŵ , define
Vσw(Λ) = Vσwσ−1(σ(Λ)) and Vwσ(Λ) = Vw(σ(Λ)).
In this article, we are mainly interested in the g–stable Demazure modules, which are in
particular modules for the associated current algebra g[t]. It is known that Vw(Λ) is g–stable
if and only if wΛ ∈ −P+ + ℓΛ0 + Zδ, where ℓ is the level of Λ. For λ ∈ P
+, ℓ ∈ N and
m ∈ Z, there exists a unique Λ ∈ P̂+ such that w0λ+ ℓΛ0+mδ ∈ ŴΛ. For an element w ∈ Ŵ
such that wΛ = w0λ + ℓΛ0 + mδ, we write D(ℓ, λ)[m] = Vw(Λ). We are indeed interested
only in g[t]–module structure of D(ℓ, λ)[m] and it is easy to see that the g[t]–structure of
D(ℓ, λ)[m] is independent of m. So it makes sense to denote D(ℓ, λ) by these isomorphism
class of g[t]–modules. When ℓ = 0, we simply take λ = 0 and D(ℓ, λ) is the trivial module in
this case.
Now we give one of the equivalent definition of D(ℓ, λ) (see [22, Proposition 3.6]) which is
appropriate to our study. We refer the reader to [16] and [22] for more details. The g[t]–graded
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Demazure module D(ℓ, λ) of level ℓ ∈ Z+ and weight λ ∈ P
+ is the graded quotient of Wloc(λ)
generated by the elements,
{(x−α ⊗ t
p)r+1wλ : p ∈ Z+, r ≥ max{0, λ(hα)− dαℓp}, for α ∈ R
+}. (2.4)
Again, we have D(ℓ, λ)[0] ∼=g V (λ). The defining relations of these modules are greatly sim-
plified in [10]. We first fix some notations to state the results of [10]. Let ℓ ∈ Z+, λ ∈ P
+ be
given. For α ∈ R+, with λ(hα) > 0, let sα,mα ∈ N be the unique positive integers so that
λ(hα) = (sα − 1)dαℓ+mα, 0 < mα ≤ dαℓ,
where we recall that dα = 2/(α,α). If λ(hα) = 0 set sα = 0 = mα. With the notations above,
we have the following theorem (see [10, Theorem 2, Section 3.5]):
Theorem 1. Let ℓ ∈ Z+ and λ ∈ P
+. Then D(ℓ, λ) is the quotient of Wloc(λ) by the
submodule generated by the elements
{(x−α ⊗ t
sα)wλ : α ∈ R
+}
⋃
{(x−α ⊗ t
sα−1)mα+1wλ : α ∈ R
+, mα < dαℓ} . (2.5)
We record the following simple fact for future use.
Corollary. Let ℓ ∈ Z+. For λ ∈ P
+
ℓ , D(ℓ, λ)
∼= ev0 V (λ) as g[t]–modules.
Proof. The condition ℓΛ0+ λ ∈ P̂
+ implies that λ(hΘ) ≤ ℓ. Now we have λ(hα) ≤ dαλ(hΘ) ≤
dαℓ, for all α ∈ R
+ and hence sα ≤ 1, for all α ∈ R
+. Now it is immediate from Theorem 1
that, D(ℓ, λ) ∼= ev0V (λ) as g[t]–modules. 
3. Fusion Product Structure of Demazure modules
Let us begin by recalling the definition of fusion products of g[t]–modules given in [14]. The
main result of this section is Theorem 2 on the fusion product of an irreducible module and
the Demazure modules of the same level.
3.1. Let V be a cyclic g[t]–module generated by an element v ∈ V . We define a filtration
{F rV }r∈Z+ on V as follows:
F rV =
∑
0≤s≤r
U(g[t])[s]v.
Clearly each F rV is a g–module. If we set F−1V = 0, then the associated graded space
grV =
⊕∞
r=0 F
rV/F r−1V acquires a natural structure of a cyclic graded g[t]–module with the
following action:
(x⊗ ts)(w) = (x⊗ ts)w, w ∈ F rV/F r−1V,
where w is the image of w in grV . Moreover, gr V ∼= V as g–modules and gr V is the cyclic
g[t]–module generated by v¯.
The following lemma is simple and very useful.
Lemma. Suppose that V is a cyclic g[t]–module generated by v ∈ V . Then for all u ∈ V ,
x ∈ g, r ∈ N, a1, . . . , ar ∈ C, we have
(x⊗ tr)u = (x⊗ (t− a1) · · · (t− ar))u.

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3.2. Let V be a g[t]–module and z ∈ C. We define a new g[t]–module action on V as
follows:
(x⊗ tr)v = (x⊗ (t+ z)r)v, x ∈ g, r ∈ Z+, v ∈ V.
We denote this new module by V z. Let V1, . . . , Vm be finite–dimensional graded g[t]–modules
generated by elements vj , 1 ≤ j ≤ m and let z1, . . . , zm be distinct complex numbers. Let
V = V z11 ⊗ · · · ⊗ V
zm
m ,
be the corresponding tensor product of g[t]–modules. It is easily checked (see [14, Proposition
1.4]) that the module V is cyclic g[t]–module and generated by the element v1 ⊗ · · · ⊗ vm.
3.3. The corresponding associated graded g[t]–module grV is defined to be the fusion
product of V1, . . . , Vm with respect to the parameters z1, . . . , zm and denoted by V
z1
1 ∗· · ·∗V
zm
m .
Clearly V z11 ∗· · · ∗V
zm
m is generated by the image of v1⊗· · ·⊗vm. In what follows next, for ease
of notation, we suppress the dependence of the fusion product on the parameters and just write
V1 ∗ · · · ∗Vm instead V
z1
1 ∗ · · · ∗V
zm
m . But unless explicitly stated, it should be assumed that the
fusion product does depend on these parameters. Given elements ws ∈ Vs, 1 ≤ s ≤ m, we shall
denote by w1 ∗· · ·∗wm ∈ V1 ∗· · ·∗Vm the image of the element w1⊗· · ·⊗wm ∈ V
z1
1 ⊗· · ·⊗V
zm
m .
Here, we record the following simple lemma (see [10, Section 4.3]) for future use.
Lemma. Let λs ∈ P
+ and Vs be a g[t]–module quotient of Wloc(λs) for 1 ≤ s ≤ m. Then
V1 ∗ · · · ∗ Vm is a graded g[t]–module quotient of Wloc(λ), where λ =
∑m
s=1 λs.
3.4. We recall the definition of P+ℓ = {λ ∈ P
+ : ℓΛ0 + λ ∈ P̂
+}. Now it is convenient to
define a subset Γ of P+ as follows:
Γ =
{
λ ∈ P+ : λ =
∑
i∈I
disiωi
}
The following is the statement of our main theorem:
Theorem 2. Let µ ∈ Γ, λ ∈ P+, ℓ ∈ N and suppose that there exists µj ∈ Γ, pj ∈ N,
1 ≤ j ≤ m such that
ℓµ = p1µ1 + · · ·+ pmµm, µ(hα) ≥
m∑
j=1
µj(hα), α ∈ R
+.
There exists a non–zero surjective map of graded g[t]–modules,
D(ℓ, ℓµ+ λ)→ D(p1, p1µ1) ∗ · · · ∗D(pm, pmµm) ∗D(ℓ, λ)→ 0,
Further more if we assume that λ ∈ P+ℓ and p1 = · · · = pm = ℓ then we have an isomorphism
D(ℓ, ℓµ+ λ) ∼= D(ℓ, ℓµ1) ∗ · · · ∗D(ℓ, ℓµm) ∗D(ℓ, λ) ∼= D(ℓ, ℓµ1) ∗ · · · ∗D(ℓ, ℓµm) ∗ V (λ)
and, in particular, we have an isomorphism of g[t]–modulesD(ℓ,NℓΘ+λ) ∼= D(ℓ, ℓΘ)∗N ∗V (λ).
Corollary. The fusion product of a finite number of modules of the form D(ℓ, ℓµ), µ ∈ Γ for
a fixed ℓ, and V (λ) is independent of the choice of parameters if λ ∈ P+ℓ .
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Remark. The special case when λ = 0 of the theorem (second statement) and the corollary
was proved earlier in [16, Section 3.5] using results of [15]. We note here, that these papers
work with a special family of Demazure modules D(ℓ, λ). In the notation of the current paper,
they only work with the modules of the form D(ℓ, ℓµ), µ ∈ Γ. We remark here that the
condition ℓΛ0 + λ ∈ P̂
+ is equivalent to λ(hΘ) ≤ ℓ. Thus we have infinite family of such
examples.
3.5. We need some results on the g–structure of Demazure modules to prove the second
statement of our main theorem 2. We state the required proposition here and defer its proof
to section 4. Its proof uses ideas that evolved in [15, Section 3] to prove similar results.
Proposition. Let ℓ ∈ N, µ ∈ Γ and λ ∈ P+ℓ . Suppose that there exists µj ∈ Γ, 1 ≤ j ≤ m,
such that µ = µ1 + · · ·+ µm, then we have
(i) D(ℓ, ℓµ+ λ) ∼= D(ℓ, ℓµ1)⊗ · · · ⊗D(ℓ, ℓµm)⊗D(ℓ, λ) as g–modules,
(ii) in particular, dimD(ℓ, ℓµ+ λ) = dimD(ℓ, ℓµ1) · · · dimD(ℓ, ℓµm) dimD(ℓ, λ). 
Proof of Theorem 2. Let vs ∈ D(ps, psµs) be the image of the generator wµs of Wloc(psµs) for
1 ≤ s ≤ m, and vm+1 ∈ D(ℓ, λ) the image of the generator wλ of Wloc(λ). Using Lemma 3.3,
we see that there exists a surjective map of graded g[t]–modules,
Wloc(ℓµ+ λ)→ D(p1, p1µ1) ∗ · · · ∗D(pm, pmµm) ∗D(ℓ, λ)→ 0.
For each α ∈ R+, write λ(hα) = (rα − 1)dαℓ + mα with mα ≤ dαℓ and µ(hα) = dαsα (use
Lemma 1.6).
Now using Theorem 1, it suffices to show that,
(x−α ⊗ t
sα+rα)(v1 ∗ · · · ∗ vm ∗ vm+1) = 0, α ∈ R
+, (3.1)
(x−α ⊗ t
sα+rα−1)mα+1(v1 ∗ · · · ∗ vm ∗ vm+1) = 0, α ∈ R
+, mα < dαℓ. (3.2)
Write µj(α) = dαsα,j, 1 ≤ j ≤ m, (use Lemma 1.6) and note that we are given that
sα ≥
m∑
j=1
sα,j, α ∈ R
+.
Setting bα = sα −
∑
j sα,j and taking z1, . . . , zm, zm+1 be the parameters involved in the
definition of the fusion product, we see that
(x−α ⊗ t
bα(t− z1)
sα,1 · · · (t− zm)
sα,m(t− zm+1)
rα)(v1 ⊗ · · · ⊗ vm ⊗ vm+1)
=
m+1∑
r=1
v1 ⊗ · · · ⊗ (x
−
α ⊗ (t+ zr)
bα(t− z1 + zr)
sα,1 · · · tsα,r · · · (t+ zr − zm)
sα,m(t+ zr − zm+1)
rαvr)⊗ · · · ⊗ vm+1.
Using Theorem 1, we see that the relations (x−α ⊗ t
b)vr = 0, b ≥ sα,r, hold in D(pr, µr) for
1 ≤ r ≤ m, and (x−α ⊗ t
b)vm+1 = 0, b ≥ rα, hold in D(ℓ, λ).
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Hence we have (x−α ⊗ t
bα(t − z1)
sα,1 · · · (t − zm)
sα,m(t − zm+1)
rα)(v1 ⊗ · · · ⊗ vm ⊗ vm+1) = 0.
Now it follows that
(x−α ⊗ t
sα+rα)(v1 ⊗ · · · ⊗ vm ⊗ vm+1) ∈ F
sα+rα−1(V),
where V = Dz1(ℓ, ℓµ1)⊗ · · · ⊗D
zm(ℓ, ℓµm)⊗D
zm+1(ℓ, λ). This implies
(x−α ⊗ t
sα+rα)(v1 ∗ · · · ∗ vm ∗ vm+1) = 0
We now prove the second relation. The earlier calculation shows that,
(x−α ⊗ t
bα(t− z1)
sα,1 · · · (t− zm)
sα,m(t− zm+1)
rα−1)mα+1(v1 ⊗ · · · ⊗ vm ⊗ vm+1) =
v1 ⊗ · · · ⊗ vm ⊗ (x
−
α ⊗ (t+ zm+1)
bα(t− z1 + zm+1)
sα,1 · · · (t+ zm+1 − zm)
sα,mtrα−1)mα+1vm+1.
But using Theorem 1 again, we have the following relations in D(ℓ, λ)
(x−α ⊗ t
b+rα−1)mα+1vm+1 = 0, for b ≥ 0.
which yields (x−α ⊗ t
bα(t−z1)
sα,1 · · · (t−zm)
sα,m(t−zm+1)
rα−1)mα+1(v1⊗· · ·⊗vm⊗vm+1) = 0.
Again by similar argument, we have
(x−α ⊗ t
sα+rα−1)mα+1(v1 ∗ · · · ∗ vm ∗ vm+1) = 0.
This proves the existence of the surjective map
D(ℓ, ℓµ+ λ)→ D(p1, p1µ1) ∗ · · · ∗D(pm, pmµm) ∗D(ℓ, λ)→ 0.
Now the second and third statements of the theorem are immediate from the Proposition 3.5,
since the dimension of the corresponding modules matches. 
4. Proof of Proposition 3.5 and Limit constructions
The first part of this section occupies the proof of Proposition 3.5. The proof that we
present here is a slight generalization of Theorem 1 and Theorem 1 A in [[15], Section 3.1]. We
also remark that special cases of our proposition was already established in [15]. In the second
part of this section, we reconstruct the g[t]–module structure of the irreducible highest weight
ĝ–module V (ℓΛ0 + λ) as a direct limit of fusion products of Demazure modules. This limit
construction was conjectured by Fourier and Littelmann in [16] and they proved the conjecture
for the special case when λ = 0.
4.1. We begin by recalling the Demazure character formula from [20, Chapter VIII]. De-
note Dw the Demazure operator associated with an arbitrary element w ∈ W˜ . For Λ ∈ P̂
+,
σ ∈ Σ and w ∈ Ŵ we have
Char
ĥ
Vwσ(Λ) = Char ĥ Vw(σ(Λ)) = Dw(e(σΛ)) = Dwσ(e(Λ))
We note here that we are only interested in g–module structure of Demazure modules, and so
in particular that we are interested only in h–characters and hence it is enough to calculate the
Demazure characters modulo δ. We use a few results of [15] to calculate Demazure characters
(modulo δ) in what follows next, that allows us to conclude our proposition. We refer the
readers to [15] for more details. The following is simple:
Lemma. For µ ∈ Γ, we have ℓ(tw0µw0) = ℓ(tw0µ) + ℓ(w0), where ℓ(−) denotes the extended
length function of W˜ . Hence, Dtw0µw0 = Dtw0µDw0 .
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4.2. Proof of Proposition 3.5. We have, by definition, Vtw0µw0(ℓΛ0+ λ) = D(ℓ, ℓµ+ λ),
since
tw0µw0(ℓΛ0 + λ) = ℓΛ0 + w0(ℓµ+ λ) mod Zδ.
Since Vtw0ν (ℓΛ0) = D(ℓ, ℓν), by definition, for any ν ∈ Γ, it is sufficient to prove the following:
Dtw0µw0(e(ℓΛ0 + λ)) = e(ℓΛ0)charhVtw0µ1 (ℓΛ0) · · · charhVtw0µm (ℓΛ0)charhV (λ)
where we write Vtw0µ(ℓΛ0) for the Demazure module viewed as g–module. Now using the
Demazure operators and the Lemma 4.1, we get
Dtw0µw0(e(ℓΛ0 + λ)) = Dtw0µDw0(e(ℓΛ0 + λ)) = Dtw0µ(e(ℓΛ0)charhV (λ)).
Using the Lemma 7 in [15, Section 3.1] we getDtw0µ(e(ℓΛ0)charhV (λ)) = Dtw0µ(e(ℓΛ0))charhV (λ)
and using the Theorem 1’ in [15, Section 3.1] we get
Dtw0µ(e(ℓΛ0)) = e(ℓΛ0)charhVtw0µ1 (ℓΛ0) · · · charhVtw0µm (ℓΛ0).
Putting all these together we get our desired result
Dtw0µw0(e(ℓΛ0 + λ)) = e(ℓΛ0)charhVtw0µ1 (ℓΛ0) · · · charhVtw0µm (ℓΛ0)charhV (λ),
and hence
D(ℓ, ℓµ+ λ) ∼= D(ℓ, ℓµ1)⊗ · · · ⊗D(ℓ, ℓµm)⊗D(ℓ, λ),
as g–modules. This completes the proof of the proposition.
4.3. Limit constructions. Fix a non–zero dominant weight λ of g and ℓ ∈ N such that
λ(hΘ) ≤ ℓ. In this subsection, we give a proof for the limit construction of the irreducible
highest weight U(ĝ)–module V (ℓΛ0+λ) as conjectured in [16]. Note that, in [15] same authors
gave such a construction for V (ℓΛ0 + λ) as a semi-infinite tensor product of finite dimensional
g–module. We first recall the statement of the semi–infinite fusion product construction:
Theorem 3. Let D(ℓ,NℓΘ+ λ) ⊂ V (Λ) be the Demazure module of level ℓ corresponding to
the element t−NΘw0 of W˜ . Let w 6= 0 be a g[t]–invariant vector of D(ℓ, ℓΘ). Let V
∞
ℓ,λ be the
direct limit of
V (λ) →֒ D(ℓ, ℓΘ)∗V (λ) →֒ D(ℓ, ℓΘ)∗D(ℓ, ℓΘ)∗V (λ) →֒ D(ℓ, ℓΘ)∗D(ℓ, ℓΘ)∗D(ℓ, ℓΘ)∗V (λ) →֒ · · ·
where the inclusions are given by v 7→ w ⊗ v. Then V (Λ) and V∞ℓ,λ are isomorphic as g[t]–
modules.
Proof. Here we follow the ideas of [16]. By Theorem 2 we have, for z1 6= z2 ∈ C and N ∈ Z+,
an isomorphism of g[t]–modules
D(ℓ, (N + 1)ℓΘ + λ) ∼= D(ℓ, ℓΘ)z2 ∗D(ℓ,NℓΘ+ λ)z1 .
Using this isomorphism of Demazure modules, the assertion can be proved in exactly the same
way as [16, Theorem 9]. We refer the readers to [16] for more details. 
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5. Application to Schur positivity
In this section, we recall the definition of Kirillov–Reshetikhin modules and its connection
with Demazure modules. It has been proved in [8] (see also [16] and [10]) that Kirillov–
Reshetikhin modules are indeed Demazure modules. We use this fact to establish the possible
connections of our main theorem with the Schur positivity conjecture. We will freely use the
notation established in the previous sections.
5.1. We now recall the definition of the Kirillov–Reshetikhin modules from [8, Section 2].
Thus given i ∈ I and m ∈ Z+, the Kirillov–Reshetikhin module KR(mωi) is the quotient of
the Wloc(mωi) by the submodule generated by the element (x
−
i ⊗ t)wmωi . We shall need the
following isomorphism of g[t]–modules (see [10, Proposition 5.1]).
Proposition. For i ∈ I and ℓ ∈ Z+, we have D(ℓ, diℓωi) ∼= KR(diℓωi) as g[t]–modules. Fur-
ther more if we assume that diωi(hα) ≤ dα, α ∈ R
+, then we have D(ℓ, diℓωi) ∼= KR(diℓωi) ∼=
ev0 V (diℓωi) as g[t]–modules.
Remark. We remark here that the isomorphism between the Kirillov–Reshetikhin modules
and the Demazure modules was proved earlier in [8, Section 5] and [16, Section 3.2]. The
condition diωi(hα) ≤ dα, α ∈ R
+ is equivalent to saying that diωi(hΘ) ≤ 1. This forces di = 1
for all such diωi. Indeed we have the following list of all such diωi’s: here, we follow the
numbering of vertices of the Dynkin diagram for g in [3].
An ωi, 1 ≤ i ≤ n
Bn ω1
Cn ωn
Dn ω1, ωn−1, ωn
E6 ω1, ω6
E7 ω7
5.2. New interpretations of Theorem 2 using the isomorphism between Kirillov–Reshetikhin
modules and Demazure modules has many interesting consequences. We fix a non–negative
integer ℓ in what follows next in this section. The following is an immediate consequence of
Theorem 2 and Proposition 5.1.
Theorem 4. Let λ ∈ P+ℓ and µ =
∑
i∈I
disiωi ∈ Γ. Then we have the following isomorphism of
g[t]–modules,
D(ℓ, ℓµ+ λ) ∼= KR(d1ℓω1)
∗s1 ∗ · · · ∗KR(dnℓωn)
∗sn ∗ V (λ).
In particular, the fusion product on the right hand side is independent of the choice of the
parameters.
We use Theorem 4 to establish an elegant presentation for the module KR(diℓωi)
∗k ∗ V (λ),
λ ∈ P+ℓ .
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Proposition. Fix i ∈ I and let k ∈ N and λ ∈ P+ℓ . Then the module KR(diℓωi)
∗k ∗ V (λ) is
the quotient of Wloc(kdiℓωi + λ) by the submodule generated by the elements
{(x−α ⊗ t
ksα+1)wkdiℓωi+λ : α ∈ R
+}
⋃
{(x−α ⊗ t
ksα)λ(hα)+1wkdiℓωi+λ : α ∈ R
+} , (5.1)
where sα :=
1
dα
diωi(hα) for all α ∈ R
+, and hence the module KR(diℓωi)
∗k ∗ V (λ) is indepen-
dent of the choice of parameters.
Proof. Using Theorem 4, we get D(ℓ, kdiℓωi+λ) ∼= KR(diℓωi)
∗k ∗V (λ) as g[t]–modules. Since
λ ∈ P+ℓ , we have λ(hα) ≤ dαℓ for all α ∈ R
+, now the proposition is immediate from Theorem
1. 
5.3. When we specialize Theorem 4 to a fundamental weight that is listed in the remark
5.1, we get simplified presentation for the fusion products of many interesting family of irre-
ducible representations of g. We note here that the fusion products of these special family
of irreducible g–modules are indeed Demazure modules. In particular we get presentation of
2–fold fusion product V (λ) ∗V (µ) for many special choices of λ, µ ∈ P+ using this fact, which
allows us to provide further evidence to the conjecture on Schur positivity stated in [7]. For
example, we provide presentation for V (ℓωi) ∗ V (mωj) when g = sln+1. We remark here that
these presentations were previously known only for some special cases, but not in this gener-
ality. For example see [12] for the case g = sl2, and [10],[16] for the case ℓ = m and g = sln+1
general.
Proposition. Let i ∈ I be such that diωi(hΘ) ≤ 1 and λ ∈ P
+
ℓ . Then the module V (diℓωi) ∗
V (λ) is the quotient of Wloc(diℓωi + λ) by the submodule generated by the elements
{(x−α ⊗ t
2)wdiℓωi+λ : α ∈ R
+}
⋃
{(x−α ⊗ t)
min{diℓωi(hα), λ(hα)}+1wdiℓωi+λ : α ∈ R
+} .
Proof. Let z1, z2 ∈ C be two distinct complex numbers that used in the definition of the fusion
product V (diℓωi)∗V (λ) and let vi∗vλ be the image of vdiℓωi⊗vλ in V (diℓωi)∗V (λ). Then for any
x ∈ g, by the definition of the evaluation representation, we get (x⊗(t−z1)(t−z2))(vdiℓωi⊗vλ) =
0. Thus we get (x−α ⊗ t
2)(vi ∗ vλ) = 0 for any α ∈ R
+. Now since (x−α ⊗ t
2)(vi ∗ vλ) = 0 implies
(x−α ⊗ t
3)(vi ∗ vλ) = 0 for any α ∈ R
+, the result is immediate from Proposition 5.2. 
Corollary. Let g be a simple Lie algebra with a fundamental weight ωi such that diωi(hΘ) ≤ 1.
Let j ∈ I and ℓ,m ∈ N such that ℓ ≥ m. We also assume that
• if g = Bn and j 6= 1 then ℓ ≥ 2m,
• if g = Cn and j 6= n then ℓ ≥ 2m,
• if g = Dn and j 6∈ {1, n − 1, n} then ℓ ≥ 2m,
• if g = E6 and j ∈ {2, 3, 5} then ℓ ≥ 2m; for j = 4, assume that ℓ ≥ 3m,
• if g = E7 and j ∈ {1, 2, 6} then ℓ ≥ 2m; for j = 3, 5, assume that ℓ ≥ 3m; for j = 4,
assume that ℓ ≥ 4m.
Then the module V (diℓωi)∗V (djmωj) is the quotient of Wloc(diℓωi+djmωj) by the submodule
generated by the elements
{(x−α⊗t
2)wdiℓωi+djmωj : α ∈ R
+}
⋃
{(x−α⊗t)
min{diℓωi(hα), djmωj(hα)}+1wdiℓωi+djmωj : α ∈ R
+} .
FUSION PRODUCT STRUCTURE OF DEMAZURE MODULES 13
Proof. It is easy to see that djmωj(hΘ) ≤ ℓ in all considered cases. Thus the corollary follows
from the above Proposition 5.3 by setting λ = djmωj. 
5.4. Proposition 5.3 and its corollary motivates us to consider the modules V(λ, µ), for
λ, µ ∈ P+ that defined as follows: it is the graded quotient of Wloc(λ + µ) generated by the
elements
{(x−α ⊗ t
2)wλ+µ : α ∈ R
+}
⋃
{(x−α ⊗ t)
min{λ(hα),µ(hα)}+1wλ+µ : α ∈ R
+} .
We remark that these modules studied by Fourier in [17] for the case g = sln+1. These modules
are naturally related to the conjecture on the generalization of Schur positivity of [7]. In fact
it is easy to see that this conjecture is true for these modules. The next lemma tells us its
connection with fusion products.
Lemma. Let λ, µ ∈ P+ and z1, z2 ∈ C be two distinct complex numbers. Then there exists a
surjective map of g[t]–modules
V(λ, µ)→ evz1 V (λ) ∗ evz2 V (µ)→ 0
Proof. The lemma easily follows from the definition of the evaluation representation and fusion
products. For example, we prove that (x−α⊗t)
min{λ(hα),µ(hα)}+1(vλ∗vµ) = 0 holds in evz1 V (λ)∗
evz2 V (µ), where vλ ∗ vµ is the image of vλ ⊗ vµ in evz1 V (λ) ∗ evz2 V (µ). Indeed,
(x−α ⊗ (t− z2))
λ(hα)+1(vλ ⊗ vµ) = (z1 − z2)
λ(hα)+1((x−α )
λ(hα)+1vλ ⊗ vµ) = 0.
Hence (x−α ⊗ t)
λ(hα)+1(vλ ∗ vµ) = 0, and also similar argument shows that (x
−
α ⊗ t)
µ(hα)+1(vλ ∗
vµ) = 0. 
Proposition. Let i ∈ I be such that diωi(hΘ) ≤ 1 and λ ∈ P
+
ℓ . Suppose that there exists
µ1, µ2 ∈ P
+ such that
(i) diℓωi + λ = µ1 + µ2 and
(ii) min{µ1(hα), µ2(hα)} ≤ min{diℓωi(hα), λ(hα)}, for all α ∈ R
+,
then there exists a surjective g[t]–module map V (diℓωi) ∗ V (λ)→ V (µ1) ∗ V (µ2)→ 0.
Proof. By Proposition 5.3, we get a surjective map of g[t]–modules V (diℓωi)∗V (λ)→ Vµ1,µ2 →
0, and now using Lemma 5.4 we have a surjective map of g[t]–modules Vµ1,µ2 → V (µ1) ∗
V (µ2)→ 0. Putting all these together we get a surjective g[t]–module map
V (diℓωi) ∗ V (λ)→ V (µ1) ∗ V (µ2)→ 0.

Corollary. Let ℓ,m be positive integers such that m ≤ ℓ ≤ 2m − 1. Then for any dominant
weight λ of g with λ(hΘ) ≤ 2m − ℓ and a fundamental weight ωi listed in the remark 5.1, we
have a surjective map of g[t]–modules
V (dimωi) ∗ V (λ+ (ℓ−m)diωi)→ V (diℓωi) ∗ V (λ)→ 0.
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5.5. Here is an another important application of Proposition 5.2.
Theorem 5. Fix k ∈ Z+ and ℓ,m ∈ N such that ℓ ≥ m. Suppose that there exists λ ∈ P
+
and µ ∈ P+m such that kdiℓωi + λ = kdimωi + µ.
(i) Then there exists a surjective map of g[t]−modules
KR(dimωi)
∗k ∗ V (µ)→ KR(diℓωi)
∗k ∗ V (λ)→ 0.
(ii) Further more if we assume that i ∈ I such that diωi(hΘ) ≤ 1. Then there exists a
surjective map of g[t]−modules
V (dimωi)
∗k ∗ V (µ)→ V (diℓωi)
∗k ∗ V (λ)→ 0.
Proof. Observe that kdiℓωi(hΘ) + λ(hΘ) = kdimωi(hΘ) + µ(hΘ) and µ(hΘ) ≤ m implies
λ ∈ P+ℓ . Now the theorem is immediate from the Proposition 5.2. 
Remark. We end this section with an important remark. We first recall the results of [7]. In
[7], the authors defined a partial order  on the set of k–tuples of dominant integral weights
which add up to λ (say P+(λ, k)): one just requires the inequality (ii) in the Proposition 5.4
to hold for all partial sums. Given an element of P+(λ, k), they considered the tensor product
of the corresponding simple finite–dimensional g–modules and showed that the dimension of
this tensor product increases along this partial order . They also showed that in the case
when λ is a multiple of a fundamental minuscule weight (g and k are general) or if g is of type
A2 and k = 2 (λ is general), there exists an inclusion of tensor products along with the partial
order  on P+(λ, k) (see [7, Theorem 1]). In particular, if g is of type An, this means that
the difference of the characters is Schur positive.
We can recover these results when λ = Ndiωi using Proposition 5.4, where ωi is in the list
of remark 5.1 and g, k are general. We indeed prove that there exists a surjective map between
the appropriate tensor products. The existence of such a surjective map between the tensor
products can be reduced to the case when k = 2 and this case easily follows from proposition
5.4. We refer the readers to [7] for more details. We note here that the proof in [7] uses the
combinatorics of LS paths and our approach avoid this.
References
[1] E. Ardonne and R. Kedem, Fusion products of Kirillov–Reshetikhin modules and fermionic multiplicity
formulas, J.Algebra, 308 (2007), 270–294.
[2] M. Bennett, V. Chari, and N. Manning, BGG reciprocity for current algebras, Advances in Mathematics,
231 (2012), no. 1, 276–305.
[3] Nicolas Bourbaki, Lie groups and Lie algebras, Chapters 4–6, Elements of Mathematics (Berlin).
[4] V. Chari, On the fermionic formula and the Kirillov–Reshetikhin conjecture, Internat. Math. Res. Notices
(2001), no. 12, 629–654.
[5] V. Chari, B. Ion, D. Kus, Weyl modules for the hyperspecial current algebra (2014), arXiv:1403.5285.
[6] V. Chari, G. Fourier and T. Khandai, A categorical approach to Weyl modules, Transform. Groups 15
(2010), no. 3, 517–549.
[7] V. Chari, G. Fourier, and D. Sagaki. Posets, Tensor Products and Schur Positivity (2013), to appear in
Algebra and Number Theory. arXiv:1210.6184.
[8] V. Chari and A. Moura, The restricted Kirillov–Reshetikhin modules for the current and twisted current
algebras, Comm. Math. Phys. 266 (2006), no. 2, 431–454.
FUSION PRODUCT STRUCTURE OF DEMAZURE MODULES 15
[9] V. Chari and A. Pressley, Weyl modules for classical and quantum affine algebras, Represent. Theory 5
(2001), 191–223.
[10] V. Chari and R. Venkatesh, Demazure modules, Fusion products and Q–systems (2013), arXiv:1305.2523.
[11] P. Di Francesco, and R. Kedem, Proof of the combinatorial Kirillov–Reshetikhin conjecture, Int. Math. Res.
Not. IMRN 2008, no. 7, Art. ID rnn006, 57 pp.
[12] B. L. Feigin and E. Feigin, q–characters of the tensor products in sl2–case, Mosc. Math. J. 2 (2002), no. 3,
567–588, math.QA/0201111.
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